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Special Integrals of the Hamilton-Jacobi Equation 
LL. G. CHAMBERS 
School of Mathematics, University College of North Wales 
Abstract. It is pointed out that special solutions, analogous to envelopes, except for the Hamilton- 
Jacobi equation, and that they may be used to generate equations of motion. A number of 
illustrative examples are given. 
SECTION 1. 
The following ideas in mechanics are well known [l]. 
The equations of motion of a system involving n degrees of freedom can be expressed in 
Hamiltonian form 
(l.la) 
(l.lb) 
where H(q,p,t) is the Hamiltonian function associated with the system (q represents the n 
variables q; 1 < i 2 n and a similar representation applies throughout). 
By means of a canonical transformation to new variables 
Q =Q(q,P,t) 
p =p(q,P,t) 
(1.2a) 
(1.2b) 
It is possible to find a Hamiltonian K in the new variables Q, P defined by 
K=H+$f 
where F is some function to be determined, such that 
K = 0. 
Consequently, the new equations of motion 
will generate solutions 
Qi =Qi 
Pi = - pi 
(l-3) 
(1.4) 
(1.5a) 
(1.5b) 
(1.6a) 
(1.6b) 
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where the ai and /3i are constants, which can clearly be taken as zero by a suitable change 
of variable if desired. 
This transformation is carried out with the aid of the Hamilton-Jacobi equation which 
defines Hamilton’s principal function S. 
,(,,Ep)+!yLo. 
Solutions of this can be written in the form 
s = S(q,a,t) + a0 
where the ai are arbitrary constants. 
p’ = wq, %t> t 
aqi 
and the qi may be determined from 
(I-7) 
(14 
(1.9a) 
The cri and pi are determined from initial conditions. Clearly CYO may be ignored. The 
set of equations (1.9a-1.9b) will determine the behaviour of the system. 
SECTION 2. 
It does not seem to have been realised, or at least there does not seem to be any mention 
of it in textbooks, that as well as obtaining the behaviour of the system from the general 
solution (1.8) of the Hamiltonian-Jacobi equation (1.7) it is possible to obtain equations 
associated with the behaviour of the system from special solutions of the equation, obtained 
as follows. 
If S(q, a, t) is a solution of equation (1.7), then the quantity S*(q, t) obtained by obtaining 
the oi from the set of equations 
dS(% =, t> 
aai 
=o (2.1) 
and substituting in S(q, a,d) to obtain a new function also obeys equation (1.7) and conse- 
quently 
p’ _ as*(q!t) 
I- 
ani 
(2.2) 
It may not, of course, always be obvious how to perform these operations. 
This process is in fact a generalisation of the process of finding an envelope. 
SECTION 3. 
Consider as an easy example to illustrate the method, the problem of a projectile of unit 
mass under gravity. The Hamiltonian Function is, with an obvious notation 
;(Pz+P:)+gY (3.1) 
and the Hamilton-Jacobi equation becomes 
(3.2) 
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It can easily be shown by the process of separation of variables that 
J k-y fi du 0 (3.3) 
where a and k are constants whose interpretation will be clear in the course of the analysis. 
The momentum equations associated with the motion are 
as 
Pz=,z!vY 
the interpretations of which are obvious. It can easily be seen that 
as -=- 
aa 
at + x 
as -=- 
ak 
!Jt + m-3 
(3.4a) 
(3.5a) 
(3.5b) 
and for the elimination process 
Q =x/t 
k =y + igt2 
(3.6a) 
(3.6b) 
It can easily be shown that 
(3.7) 
Note that 
(3.8a) 
(3.8b) 
as i x2 g2t2 
-=__+- 
at 2t2 2 +gY (3.8~) 
and that the equation (3.2) is satisfied. 
It may be remarked that a solution may also be obtained by eliminating one only of the 
constants. Suppose that only k is eliminated, a function St is obtained 
ast 
az =Q (= PI) 
ast - = - gt 
ay 
(= py) 
ast d g2t2 -_==--- 
at 2 2 +sY 
(3.9) 
(3.10a) 
(3.10b) 
(3.1Oc) 
The connection between the various expressions for pz is obvious. 
Here again the Hamilton-Jacobi Equation is obeyed. 
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SECTION 4. 
Again the Hamilton-Jacobi equation for a particle of unit mass moving under no forces 
is given by 
(4.1) 
Separation of variables gives a general solution 
8S 
-=a (=pz) 
82 
8S -=x-at 
da! 
(4.2) 
(4.3a) 
(4.3b) 
and it follows that for the purpose of eliminating Q 
a = x/t (4.3c) 
Thus 
S 
x2 =- 
as ,” -=- (=pz) 
8x t 
as x2 
x=-g 
(4.4a) 
(4.4b) 
(4.4c) 
Clearly equation (4.1) is satisfied. 
It may be noted that, because all the variables in (4.1) occur as differentials that a more 
general solution, involving changes in origins of variables is in fact 
s ( l - x - x*)2 + Q 
2(&t*) * (43 
Exceptionally, this form, apart from a is mentioned by Synge and Grifhths [2] as the solution 
of equation (4.1). (I am indebted to my colleague Dr. B.L. Davies for this remark.) 
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